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Abstract— In this paper, first a space of fuzzy numbers is 
constructed and a scalar product is introduced. The derivative of 
fuzzy function in this space is defined. Further, a fuzzy 
differential equation is considered and existence theorem for it’s 
solution is proved.  

Keywords— Fuzzy numbers; linear space; derivative of the fuzzy 
function; differential equation; existence theorem 

I. INTRODUCTION 
To investigate the fuzzy differential equation at first one 

has to introduce the definition of the derivative of the fuzzy 
function. This definition must allow one to investigate the 
fuzzy differential equation both theoretically and numerically. 

For the first time, Chang and Zadeh introduced the concept 
of the fuzzy derivative in 1972, Dobous and Prade  used the 
principle of continuity in its approach over ten years later. At 
the same time, Puri and Ralescu used the concept of H-
Differentiability to extend the differential-valued functions. 
This led Seikkala to introduce the concept of the fuzzy 
derivative as an extension of the Hukuhara’s derivative and 
fuzzy integral, which was the same as that proposed by Dobois 
and Prade. 

In present work the linear space of pair fuzzy numbers is 
introduced. This linear space defines the metric between fuzzy 
numbers. Using this metric the derivative of the fuzzy function 
is determined. This allows us to give existence theorem of the 
fuzzy differential equation. 

II. SPACE OF THE FUZZY NUMBERS 
Let's define by F  the class of convex normal fuzzy 

numbers. Then for any Fa∈ the set of α -cut of fuzzy 
number a  is defined as the interval )](),([ ααα

aa RLa = , 
]1,0[∈α , ([1]). Let FbFa ∈∈ ,  and )](),([ ααα

aa RLa = , 
)](),([ ααα

bb RLb = . Then α -cut of fuzzy numbers ba +  
and 0, ≥kka , are defined as  

)]()(),()([ αααααα
baba RRLLba ++=+   

and 
)](),([ ααα

aa kRkLka = , 
 respectively. 

Note that F  is not a linear space (the operation of  
subtraction is not defined in F ). 

We consider the set of pairs FFba ×∈),( and d
efine the operation of addition, multiplication and 

equivalency as  
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The pair )0,0(  is taken as a zero element of this space i.e. 
the set of elements Faaa ∈),,( . 

The set of all pairs FFba ×∈),( forms a structure of a 
linear space. Let  

 ,),( 21 FFaax ×∈= FFbby ×∈= ),( 21 . 

Then 

)](),([ ααα

ii aai RLa = , 

]1,0[)],(),([ ∈= αααα

ii bbi RLb . 

For any FFyx ×∈,  the scalar product is defined as 

∫ +−−=
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It may be shown that this definition satisfies all 
requirements of the scalar product. We denote this space by 
LF . Norm in this space is defined as  

ααααα dRRLLx aaaa∫ −+−=
1

0
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2
1||||

2121
   (3) 

If yx,  are vectors, i.e. 
],...,,[],,...,,[ 2121 nn yyyyxxxx == , where FFyx ii ×∈, , 

then  we define the scalar product and norm as follows 

nn yxyxyxyx oooo +++= ...2211 , 

2

2

2

2

2

1

2 ... xxxx +++= .                     (4) 
For the sake of simplicity we will write FFx ×∈   instead 

)()( nn FFx ×∈ . 
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III. DERIVATIVE OF THE FUZZY FUNCTION 
Now, let’s consider the fuzzy function Ftf ∈)(    for 

each ],[ 10 ttt ∈ and define a derivative of the function )(tf . 

For any ]1,0[∈α ,  

]1,0[)],(),([)( )()( ∈= αααα tftf RLtf               (5) 

is called α -cut of the function )(tf . 

Definition. Let there exists such 
],[,)(,)( 10 tttFtFt ∈∈∈ ψϕ , that 

))(),(()0),(()0),((lim
0

tt
t

tfttf
t

ψϕ=
Δ

−Δ+
→Δ

           (6) 

Then the pair FFtt ×∈))(),(( ψϕ  is called a derivative of 
the function )(tf  at the point ).,( 10 ttt ∈  

Now, let )(tf be a pair of fuzzy functions, i.e.  

),(),(),(()( 1021 ttttftftf ∈∀= . 

From relation 

),0),(()0),())(,0()0),(()( 2121 tftftftftf −=+=  

we see, that the derivative of  the function )(tf also is a 
pair from  FF × .  

For any FFt ×∈= )(ηη , which ],[,)( 10 tttFFt ∈×∈′η ,  
let’s consider the scalar product )()( ttf ηo′  defined by the 
formulae (2). It can be shown that  
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],[, 10 ttTt ∈∀ .    (7) 

IV. STATEMENT OF THE PROBLEM AND MAIN RESULTS 
Let’s consider the system differential equation 

( ) ( ) ( ) 00],,0[,)()( xxTttftxtA
dt

tdx
=∈+= ,          (8) 

Here )(tx  is n  dimensional vector of phase coordinates of 
the object,  )(tf  is m  dimensional vector function, 

)(,)( tBtA are nn×  and mn×  dimensional matrix 
functions.  Assume that all these matrices are continuous 
on [ ]T,0  and 0),( xtf  are fuzzy, i.e. 

],0[,)(,0 TtFtfFx ∈∀∈∈ . The solution of the problem (8) 
also will be fuzzy taking into account that 0),( xtf  are fuzzy. 

It is necessary to note that investigation of the existence of 
the fuzzy solution for the problem (8) is very difficult. 

Denote by )(tWW =  a fundamental matrix of the equation 

)()()( txtA
dt

tdx
= .                            (9) 

The function )(tWW =  is not fuzzy function. Let’s 
take )()(),( 1 ξξ −⋅= WtWtH . 

Theorem. Let function ( )tf  and the vector 0x  be fuzzy 
and ),( ξtH  is not negative. Then there exists a unique 
solution of problem (8) from F . 

Proof. For any segment  ,],,[ MmMm ≤  let’s define the 
support function 
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This function is convex and positive homogeneous on 
Rs∈ , i.e. 0),()( ≥= λλλ sPsP . It is clear that 

),1(),1( −−== pmpM  i.e.  using definition of the support 
function the problem may be written in the following form  
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0)0( ααα                      (11) 

Consider the function 

∫+=
t

fx dsPtHsPtHtsP
0
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0
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            (12) 

Checking we can see, that );,( tsP α  is a solution of the 
problem (10), (11). Really is (12) we get 

),()0,0()0;,(
0

sPHsP x αα = . 

Also it is clear   
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Considering that );,( tsP α  is solution of the problem  

,0),,();,()();,(
)( TtsPtsPtA

t
tsP

tf ≤<+=
∂

∂ ααα          (13) 

RssPsP x ∈≤≤= ,10),,()0;,(
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We see that );,( tsP α  is positive homogeneous on .Rs∈  
From conditions Fx ∈0

, ],0[, TtFf ∈∈  we obtain that 
functions ),(

0
sPx α  and ),()( sP tf α  are convex. 

Let’s show that any components of the function );,( tsP α  
are convex on Rs∈ . 

It is clear for any 0)( ≥ta , the 
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∫
t

f dsPa
0

)( ),()( ξαξ ξ  

is convex on s . Really considering that ),()( sPf αξ  is convex 
on Rs∈ , then for Rss ∈21 , we will have 
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Taking into account that ),( ξxH  is not negative from last 
relation we see that );,( tsP α  is positive homogeneous and 
convex. Then there is the segments [ ])(),( )()( αα txtx RL , for which 

)(tx  is α -cut for this segments. Theorem is proved. 
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