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Abstract— A problem on optimal control of ordinary dynamic 
systems with non-standard quality test is considered. A 
number of necessary optimality conditions are established. 
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I. INTRODUCTION 
In the paper [1] N.N. Moiseev considered a problem of 

optimal control of ordinary dynamic  systems with non-
standard quality test and proved necessary optimality 
condition of Pontryagin’s maximum principle type. In the 
papers [2-4] and etc. different necessary optimality 
condition were obtained for Moiseev type optimal control 
problems. 

In the present paper new optimality conditions are 
obtained for singular controls in N.N. Moiseev’s problem. 

II. STATEMENT OF PROBLEM 
It is required to minimize the functional 
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Here ( )xiϕ , pi ,0=  are the given continuously 

differentiable in nR  scalar functions, ( )bastFi ,,, , 

pi ,1=  are the given scalar functions continuous in  
nn RRTT ×××  together with partial derivatives with 

respect to ( )ba,  to second order inclusively, ( )uxtf ,,  is 
a given n- dimensional vector-function continuous in   

rn RRT ××  together with partial derivatives with respect 
to x  to second order inclusively, ( )tu  is an r -dimensional 
piecewise-continuous (with finite number of first order 

discontinuity points)  vector of control actions with values 
from the  given non-empty and bounded  set rRU ⊂ . 

III. NECESSARY OPTIMALITY CONDITION 

Suppose that ( ) ( )( )txtu ,   is a fixed admissible process. 
Introduce the denotation   
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Here ( ) Utv ∈ ,  Tt ∈  is an arbitrary control function, 

( )tiψ   is an n-dimensional vector-function of conjugated 
variables being a solution of the conjugated problem              
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For simplicity, we’ll assume that 
       ( ) { }muJ ,...,2,1,0=     ( )pm ≤ . 
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It holds  
Theorem 1. For optimality of the admissible control  
( )tu   it is necessary that the inequality  

( )
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1

1
≤Δ∑

+

=
∈

m

j
j

i
vjuJi

H
j

θl                      (5) 

be fulfilled for all  Uv j ∈ , 0≥jl , [ ]10 ,ttj ∈θ  

( )11210 ... tt m <≤≤≤≤ +θθθ . 
We can show that inequality  (5) is equivalent to the 

classic maximum condition for problem (1)-(4). But 
theorem 1 allows to investigate a special case in the 
considered problem.     

Definition 1. The admissible control  ( )tu   is said to be 
Pontryagin’s extremum in problem  (1)-(4) if is satisfies 
optimality  condition (5).  

Suppose that there exits a non-empty subset 
( ) ( )uJuJ ⊂0  such  that for all ( )uJi 0∈ ,  

( )( ) 01 =txqrad iϕ , ( ) 0, =∂∂ astFi , 

( ) 0, =∂∂ bstFi . 
The following fact is true. 
Theorem 2. Let ( )( ) 01 =∂ txiϕ , ( ) 0, =∂∂ astFi , 

( ) 0, =∂∂ bstFi  for all
 

( )uJi 0∈ . Then for optimality of 
Pontyagin’s extremum, it is necessary that for any natural 
number μ   the inequality                          
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Here by definition 
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IV. CONCLUSION 
Necessary optimality conditions are obtained in an 

optimal control problem with non-standard quality test. 
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