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I. INTRODUCTION 
A step wise problem of optimal control of discrete two-

parameter systems is considered. Under the assumption of 
openness of the control domain, necessary optimality 
conditions are obtained.  

Note that different necessary and sufficient optimality 
conditions for discrete 2-D control systems were obtained in 
the papers [1-6] and others.  

II. STATEMENT OF PROBLEM 
Assume that an admissible process is described by the 

following discrete two-parametric system of equations 
( )
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 ( ) iDxt ∈, , 3,1=i ,                        (1) 
with boundary conditions 
              ( ) ( ) Xxxxxxtz ,...,1,,, 00101 +==α ,  

                  ( ) ( ) 100101 ,...,1,,, tttttxtz +== β , 

   ( ) ( ) Xxxxxtzxtz ,...,1,,,, 001112 +== , 

  ( ) ( ) 211202 ,...,1,,, tttttxtz +== β ,            (2)   

  ( ) ( ) Xxxxxtzxtz ,...,1,,,, 002223 +== ,    

( ) ( ) 322303 ,...,1,,, tttttxtz +== β , 

               ( ) ( )0101 tx βα = , ( ) ( ),, 12011 txtz β=    

                             ( ) ( )23022 , txtz β= . 
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where 3,1,,,0 =itXx i  are given, 

( )iiiii ubazxtf ,,,,, , 3,1=i  are the given n -
dimensional functions continuous in totality of variables 
together with partial derivatives with respect to 
( )iiii ubaz ,,, , 3,1=i  to second order inclusively, 

( )x1α , ( )tiβ , 3,1=i  are the given n -dimensional 

discrete vector-functions, ( )xtui , , 3,1=i  are r - 
dimensional vector-functions of control actions with values 
from the given non-empty, bounded and convex sets 

r
i RU ⊂ , 3,1=i , i.e. 

( ) r
ii RUxtu ⊂∈, ,   ( ) iDxt ∈, ,   3,1=i .     (3)               

The triple ( ) ( ) ( ) ( )( )′= xtuxtuxtuxtu ,,,,,, 321  with 
the above - mentioned properties will be called an 
admissible control, its appropriate solution  

( ) ( ) ( ) ( )( )′= xtzxtzxtzxtz ,,,,,, 321  of boundary value 
problem (1)-(2) an admissible state of the process. 
Therewith the pair ( ) ( )( )xtzxtu ,,,  is called an admissible 
process. 

On the solutions of boundary value problem (1)-(2) 
generated by all possible admissible controls determine the 
functionals 

 ( ) ( ) ( )( )∑
=

=
3

1
,

i
ii

j
ij XtzuS ϕ ,     pj ,1= . 

Here ( ) ( )i
j

i zϕ , 3,1=i , pj ,1=  are the given twice 
continuously differentiable scalar functions. 

The problem consists of minimization of the functional 

( ) ( )( )∑
=

=
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0
0 ,

i
iii XtzuS ϕ ,                         (4) 
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under the constraints  
( ) 0≤uS j ,    pj ,1= .                       (5) 

The accessible process satisfying the constraints (5) is 
called an admissible process.  

III. NECESSARY OPTIMALITY CONDITIONS 

The admissible process ( ) ( )( )xtzxtu ,,,  being  
solution of problem (1)-(4) is called an optimal process. 

Let ( ) ( )( )xtzxtu ,,,  be a fixed admissible process. 
Further we’ll use the following denotation: 
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where ( ) ( ) ( )xtψψ j
i

j
i ,= , 3,1=i  are n - dimensional 

vector-functions of conjugated variables being the solutions 
of the problem 
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Let by definition 
     ( ) ( ){ }pjuSjuI j ,1,0; === , 

( ) { } ( )uIuJ ∪= 0 . 
Theorem 1. Along the optimal process 
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for all ( ) ii Uxtv ∈, , ( ) iDxt ∈, , 3,1=i .       (7) 
Relation (7), being a necessary optimality condition of 

first order, is an analogy of the linearized maximum 
condition for problem (1)-(2). 

Definition 1. The admissible control 

( ) ( ) ( ) ( )( )′= xtvxtvxtvxtv ,,,,,, 321  is called critical 
with respect to the extremum 
( ) ( ) ( ) ( )( )xtuxtuxtuxtu ,,,,,, 321= , if  
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The extremum ( )xtu ,  is said to be quasi-singular in 
problem (1)-(5) if there exists the appropriate  critical 
admissible control ( ) ( )xtuxtv ,, ≠ . 

Now, by ( )uJ1  denote a maximal subset of indices 

from ( )uJ  such that 
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for all  admissible controls ( )xtv ,  critical with respect to 

( )xtu , . 
Assume that in system (2.1) 
( ) ( ) ( )iiiiiiiiii uazxtFbxtBubazxtf ,,,,,,,,,, += .     (9) 

Further, the necessary optimality condition of  quasi-
singular controls is proved in problem (1)-(5), (9). 
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IV. CONCLUSION 
Linearized and quadratic necessary optimality conditions 

are established for a stepwise problem of optimal control of 
discrete two-parameter systems involving functional 
constraints. 
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