
 

                                                                                                                                     Baku, Azerbaijan 

IV International Conference “Problems of Cybernetics and Informatics” (PCI'2012), September 12-14, 2012
www.pci2012.science.az/7/15.pdf 

 

47

Necessary Optimality Conditions of the First and 
Second Orders in the Problem of Control of Processes 

Described by Difference Analogy of Volterra 
Equation under Equality and Inequality Type 

Functional Constraints 

Kamil Mansimov 
Cybernetics Institute of ANAS, Baku State University, Baku, Azerbaijan 

mansimov@front.ru 
 
 

Abstract— A discrete problem of optimal control is considered. 
Necessary optimality conditions are obtained. 
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I. INTRODUCTION 
We study an optimal control problem described by a 

system of Volterra difference equations (see [1])  involving 
equality and inequality type constraints on the right end of the 
trajectory. Necessary optimality conditions of first and second 
orders are obtained.  Therewith, the scheme suggested by the 
author in the papers [2, 3] is used. 

II. STATEMENT OF PROBLEM 
Consider a problem on minimum of the terminal functional 

             )),(()( 100 txuS ϕ=                               (1) 
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Here 10 , tt  are the given numbers, moreover  the 

difference 01 tt −   is a natural number,  )(xiϕ , qi ,1=    are 

twice continuously differentiable scalar functions,  U   is a 
given non-empty, bounded and open set, )(tu   is an  r -

dimensional vector of control actions, ( )uxtf ,,,τ   is a given  
n -dimensional vector-function continuous in totality of 
variables together with partial derivatives with respect to 
( )ux,  to second order inclusively. 

The control function ( ) TtUtu ∈∈ ,   is called an 

admissible control, if the solution  ( )tx  of equation  (4) 
corresponding to it satisfies constraint (3). 

III. NECESSARY OPTIMALITY CONDITIONS 

Assume that ( ) ( )( )txtu ,   is a fixed admissible process and 
introduce the denotation 
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and equation in variations 
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Here  ( ) TtRtu r ∈∈ ,δ  is an arbitrary bounded vector-

function (admissible control variation), ( )tR ,τ   is an ( )nn×   
matrix function (resolvent of the variational equation (6) for 
system (4)) being a solution of the matrix difference equation 
of Volterra type 
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Assume that ( ) ( )( )txtu ,  is an optimal process in the 

considered problem and for all  ( )( ) .0,,1 == tuSpi i  
The first and second variations of the functional   

have the forms: 
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Theorem 1. For optimality of the admissible control ( )tu   
in the considered problem it is necessary the existence of the 
vector   
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for all ( ) TtRtu r ∈∈ ,δ . 

Each admissible control ( )tu  satisfying the conditions 
theorem 1, is called classic extremals. 

Following the scheme suggested in [2, 3], the second 
variation (9) of the functional ( )uSi   is represented in the 
form 
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Denote by ( )uA  the set of all vectors 1+∈ qRλ , 
satisfying the conditions of theorem 1, and introduce the  
analogy of the [4, 5] set of critical variations for the 
considered problem. 
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Theorem 2. For optimality of classical extremals in 
problem (1)-(4) it is necessary that the inequality  
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be fulfilled for all ( ) ( )uuDMtu δδ ;∈ . 

IV. CONCLUSION 
An optimal control problem described by a system of 

Volterra type difference equations involving equality and 
inequality type functional constraints on the right end of the 
trajectory, is studied. Necessary optimality conditions of first 
and second orders are established. 
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