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Abstract—  An optimal control problem described by a system 
of Volterra type integro-differential equations is considered. 
Necessary condition of optimality of quasi-singular controls is 
proved.  
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I. INTRODUCTION 
In the papers [1-5] and etc. difference necessary 

optimality conditions of first order were obtained for an 
optimal control problem described by the systems of Volterra 
type integro- differential equations. 

In the present paper, necessary optimality conditions of 
quasi-singular controls are obtained. 

II. STATEMENT OF PROBLEM 
Assume that it is required to minimize the multipoint 

functional  

( ) ( ) ( ) ( )( ),,...,, 21 kTxTxTxuS ϕ=              (1) 

under constraints 

( ) [ ],,, 10 ttTtRUtu r =∈⊂∈                (2) 
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( ) .00 xtx =                                  (3) 

Here ( ) ( )uxtKuxtf ,,,,,, τ  are the given n -
dimensional vector-functions continuous in totality of 
variables together with partial derivatives with respect to 
( )ux,  to second order inclusively, 

( ) ( ),...,,,,, 121010010 tTTTtttTxtt ki ≤<<<<∈  ki ,1=  
are given, U  is a given nonempty, bounded and convex set, 
( )tu  is an r - dimensional piecewise (with finite number of 

discontinuity points) vector of control actions (admissible 

control), ( )kaaa ,...,, 21ϕ  is a given twice differentiable 
scalar function.  

III. NECESSARY OPTIMALITY CONDITIONS 
Assuming ( ) ( )( )txtu ,  a fixed admissible process, 

introduce the denotation 
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where ( )tψψ =  is an n - dimensional vector-function of 
conjugated variables being a solution of the equation 
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Here ( )tiα  is a characteristic function of the segment 
[ iTt ,0 ]. 

Theorem 1. (linearized maximum principle). For 
optimality of the admissible control ( )tu  it is necessary that 
the inequality     

( ) ( ) ( )( ) ( )( ) 0,,, ≤−′ θθψθθθ uvuxHu , 

be fulfilled for all [ )10 , tt∈θ  and .Uv∈  

The linearized maximum condition for different problems 
of optimal control of integro-differential equations was 
proved in the papers [1- 5] and others.  

Definition 1. The admissible control ( )tu  is said to be a 
classic control if for all [ )10 , tt∈θ  and Uv∈   

( ) ( ) ( )( ) ( )( ) .0,,, =−′ θθψθθθ uvuxHu  

Assume that by definition 
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Here ( )τ,tF  is the analogy of the Cauchy matrix for a 
linearized problem being a solution of the problem 

( ) ( ) ( ) ( )( )
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( ) ,, EttF =      ( E  is a )( nn×  unique matrix). 

The following theorem is proved by means of the method 
suggested in the papers [6, 7] 

Theorem 2. (integral necessary condition of optimality 
of quasi-singular controls). For optimality of the quasi-
singular control ( )tu  in problem (1)-(3), it is necessary that 
the inequality  
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be fulfilled for all ( ) ., TtUtv ∈∈  

IV. CONCLUSION 
Necessary optimality conditions of quasi-singular 

controls are obtained for an optimal control problem 
described by a system of Volterra type integro-differential 
equations. 
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