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Abstract— In this paper we have built a model with parallel
service of requests. System consists of two blocks of service with
infinite number of servers, and input Poisson flow with
parameter A of double requests (first and second types). We have
found analytical formula for generating function of two-
dimensional output flow. It allows to obtain numerical
characteristics of output flow.
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. INTRODUCTION

Queueing systems with infinite number of servers can be
used as a models of real systems in different field of daily life:
banking, insurance, transport etc.

Most of papers on investigation of the systems with infinite
number of servers devoted to the study of number of busy
servers. However, practically it is necessary to know
characteristics of such flows, study the properties of output
flows isn’t sufficiently developed [1].

Il. MATHEMATICAL MODEL

In this paper we consider system with two blocks of service
(fig. 1), each of which contains infinite number of servers, and
with input Poisson flow with parameter A of double requests
[2]. It means that two requests arrive in the system at the same
time in the moment of event occurrence in our flow.
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Figure 1. Queueing system with parallel service of double
requests
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Service discipline assumes that one of these requests comes in
the first block, another request comes in the second block and
occupies any of the empty servers for service. Service times for
both requests are exponentially distributed with parameters p,
and p,.

The task is investigation of two-dimensional random process
{n(t),n,(t)} of the number of served requests from each block.

I1l.  INVESTIGATION OF OUTPUT FLOW

Two-dimensional random process {n;(t),n,(t)} is a non-
Markovian process. Therefore, we introduce additional
components i;(t),ix(t), its define number of requests in the first
and second blocks.

Denote by  P{iy(t),ia(t),ne(t),n2(t)}=P(iy,iz,n1,not)  the
probability distribution of its vales.

One can easily show that the probability distribution for
considering process is a solution of following Kolmogorov’s
differential equations [3]:

OP(ig,ip,ng,Np )/0t=-(At+igpy+iopp) P(iy, i, N, Ny t) +
+(ip D) P(i1+1,i2,01-1,n5, )+ (i DppP (in,12+1,0,02-1,) +
+AP(i1-1,i-1,n1,n,t)
Here we have initial conditions for solution of this system
P{iy,io,n1,n}=R(iy,i0),

where R(iy,ip) is initial two-dimensional distribution of the
number of busy servers in the block of service. It equals to final
distribution.

Let denote generating function [4] of the process {iy(t), i»(t),
ny(t), ny(t)} as follows:

F(x,%. 31, 13.1) = Z 222 X" 7y P(a s i, f),

we obtain differential equation:
OF(x, x5, ¥, ¥5.1)  OF (%, x5, 9. 05,1
(1 201 )+ (1 1 )(xl_},l)
ot ox,
* aF(xpx(:;;yl:ybt)(XZ V2 )”2 = }\.(xpxz - 1)F(x1=x2=)"1=)-’2:f).

Hy+

The initial conditions have a form:

F{X1.X2,Y1,Y23=T(X1,%2).
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Obtain the function f(xy,x;) by the method of generating
function. Thus, we have:

f(xl X, )= exp{ X(xl _ 1)(x2 1) n K(x1 -1) N 7»(362 - 1)} |

B+ U,y My 29}
Solving following differential equation
dt — dcq,  dx, 3 dF(x,,x,. 3, V5.1)
T g —y) el -0) Mg, —1F(x. %, 31 ¥5.1)

We find first and second integrals from the equations:
dt=dxi/pi(Xs-y1),  dt=dXo/pa(X-Y2)
It is clear that
X =y +Ce” O =(x, — e
X =3 +Ce Gy = (xz W )‘3_#3{ -
Let obtain the last integral from the equation

_ dF(xpxz:}"pJ"z:f)
)L(xlxz —I)F(xl,xz,yl,yz,[)’

then, it takes the form

PN o™
F(xl’x22yl’y2’r): (D(Cvcz )EXP{’{ClCz +AC (¥, 1) +
) i 1
okt okt ot
+ A0, (v D=+ Ay, —1) + Ay, — e+ Ay, —1¥ + AC, — + AC, —} s
Hy H H

where ®(Cy,C,) is stationary probability distribution of the
number of busy servers in each block, which is obtained by
using following formula

1

(c,.C,)= exp{—/lclcz —AC,(y, - 1)i —AC,(» -1 L —-4C,
H )

1 2 1 2 2

1
My + 1y

-G L +MC +y —D(C, +y, -1
Hy

Assuming that x;=1 and Xx,=1, we obtain formula for

generating function of two-dimensional output
flow
F()'pyz:[) _ exp{_&'ul (1 —e ™ X)H _1)()'2 _1) - A, (1 —e’“‘%‘l _IX}.E _1) 4
(4 + 1) 1, (14 + 1) 14
+A(}'1yz *l)erl((yl =D+, *1))3‘}-
¢ IEEE

FMC +p —DMC, +y, —ui}
My HaJ .

This analytical equation allows us to find ordinary stationary
characteristics of output flow:

Mean value:

M,;=My2=At.
Dispersion:

D,1=Dy,=(At)".
Correlation coefficient:

PR :!'11(1767“@) “2(1767“2[)
r(32) (TRRSTIS YO FRTIS Fh

In this paper, we have obtained analytical formula for joint
generating function of number of servers in blocks and served
requests. It allows us to find exact numerical characteristics of
random vector. From the form of generating function we have
done conclusion that output flows are dependent, and
investigation of its flows should be done only in conjunction.
We have found formulae for mean value, dispersion and
correlation coefficient of the number of attempts to one of the
blocks of service under arbitrary initial conditions. Results
allow to solve any practical problems of application of
mathematical model.
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