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The main purpose of this paper is to determine the spectrum of the generalized difference
operator A, , over the sequence space /,, p>1. The results of this paper generalize the

a®

corresponding results of [1] and [3].

1. Introduction, Preliminaries, Background and Notation

By B(X), we denote the set of all bounded linear operators on the Banach space X into
itself. Let X #& be a complex normed space and consider a linear operator 7 : D(T) > X,
with domain D(7T) < X. With T we associate the operator

T, =T - Al,

where A is a complex number and / is the identity operator on D(T'). By a regular value A of T
we mean a complex number such that
(RY) T, exists,
(R2) T, is bounded,
(R3) T, is defined on a set which is dense in X.

The resolvent set of T, denoted by p(7, X), is the set of all regular values A of T. Its
compliment o(7, X) = 0 \ p(7, X) in the complex plane [ is called the spectrum of 7.
Furthermore, the spectrum o(7, X) is partitioned into three disjoint sets as follows:

The point (discrete) spectrum (T, X) is the set such that 7, does not exist. Any such
A € 0,(T, X) is called an eigenvalue of T.

The continuous spectrum o(T, X) is the set such that T, exists and satisfies (R3) but
not (R2), thatis 7," is unbounded.

The residual spectrum o,(T, X) is the set such that 7," exists (and may be bounded or
not) but not satisfy (R3), that is the domain of 7" is not dense in X.

By w, we shall denote the space of all real valued sequences. Any vector subspace of w
is called a sequence space. We write [, for the spaces of all bounded sequences. Also by /; and

l,, we denote the space of all absolutely and p-absolutely convergent series, respectively.

P. Srivastava and S. Kumar [8] introduced the generalized difference operator A,

on the sequence space ¢, as follows:
A,: ¢, —c, is defined by

Ax=A,(x,)=(ax,—a, x, )., withx K =0,
where (a;) is either constant or strictly decreasing sequence of positive real numbers
satisfying
}(i_r)riakza>0 and a,<2a. (1.1)
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P. Srivastava and S. Kumar determined the spectrum and fine spectrum of the operator
A, over the sequence space ¢y in [8]. The same problem, in the case when the sequence (ay) is
assumed to be constant except for finitely many elements was investigated in [3].

In this paper we determine the spectrum of the generalized difference operator A,
on the sequence space /,, p>1. The results of our paper not only generalize the
corresponding results of [1] and [3] but also give results for some more operators.

We summarize the knowledge in the existing literature concerning with the
spectrum of the linear operator defined by some particular limitation matrices over some

sequence spaces. The fine spectrum of the difference operator A over the sequence space /,,
(p=1) is determined by A. Akhmedov and F. Basar [1] and over the sequence space ¢, and

¢ by B. Altay and F. Basar [4]. B. De Malafosse [7] computed the spectrum of the
difference operator on the space s,. A. Akhmedov and F. Basar [2] determined the fine
spectrum of the difference operator on the space bv,, (1< p<o). Note that the sequence

space bv, was introduced and studied by B. Altay and F. Basar [5]. The continuous dual of
bv, determined by A. Akhmedov in [2].

2. The spectrum of the operator A, on the sequencespace | ,, p>1

In this section, we compute the spectrum and the point spectrum of the operator A, on
the sequence space /,, p >1. Throughout this paper, the sequence (a;) satisfies conditions (1.1).

1
Theorem 1. A, € B(l,) with a norm satisfies 2 a, < ||Aa||/ <2a,.

Proof. Proof is simple. So we omit it. O

The spectrum of the operator A, on the space /,, p>1 is given by the following theorem.
Theorem 2. o(A,,1,)={Ael :|A-a|<af.

Proof. Let /Ie{/l el :|/1—a|Sa} and let y =(y,) /. Then |/1—a|>a.By solving the

equation (A, —Al)x =y, for x=(x,) in terms of y, we get

a,q, ...a,_, a,_, 1
X, = Yo+t Ve + y kell
Y- - A)(a, =) T (@ == (g =)
Then, Y | x,|< > R, |y,| ,where
k k
R, = L . 2 + %4 g1 + Jhell.
|ak _/1| |ak _/1||ak+1 _/1| |ak _ﬂ“”akﬂ _/1||ak+2 _A|
Let
R, = L, 2 + L1 +ot L S k,nell.
" |ak _/1| |ak _i”alm _A| |ak _;t”a/m _/1||ak+2 _/1| |ak _/1||ak+1 _/1||ak+n+1 _/1|
2 n+l
Then R, =limR , ! ¢ a —, and so,
k—w

x= + 3 + 3 +...+
|a—/1| |a—ﬂ,| |a—ﬂ,| |a—/1
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1 a a’ a’
=limR, = + >+ >+ )
n—0 |a /1| |a—/1| |a—/1| |a—/t|
since | | <1. Then (R,) is a sequence of positive real numbers which has a limit R. Then
a—

(R,) 1is bounded and so supR, <oo. Thus, Z|xk|SZRk|yk|£ sukaZ|yk|<oo, since yel,.
k k k k k

This shows that (A, = A1) e(l;; 1) .
Similarly, let y=(y,)el,. By solving the equation (A, —Al)x=y, for x=(x,) in
terms of y, we get

1 a a, a a,a,...a
x( < k-1 k—1"k=2 01 k-1 Sluo ¥y
R e v e e e o R e |
Let S, = ! iy R oty , for each

|a, —/1| | —/1| a,,—A|a,, -2, —/1| | o= |a, = 4|--|a, -
nell . Clearly, for each nell , the series S, is convergent since it is finite. Next we prove that
supS, is finite. Since lim—2o =% _ g <1,then there exists k €l] such that —*—<gq,

k 'HOO|a —/1| |a—/1| a,— |
<1, forall n>k +1 and so we get
aa, ...a aa,...a
S, bk g, "+ R g, +..+q +1J—.
(|a0 Wa,=A|fa, =A™ |a, - A|a, = A]..]a, - 2] " ey, -4

If we put, for each i =0,1,2,....,k, m = Gildi % and A= max{m }, then we

1<i<k

1
| ’1”“”1 ||“k_/1

Sy SA(1+q,+4," +q, +.t g, ) —— |_ A(l+q,+q," + g, + );

_ﬁ|

n+k n+k

A
But, for large n, we have ;|<ql <l ,and so S 1 4 , forall n>k+1. Thus,
a

n+k —
a

— 4
supS, <co. This shows that |x,|<supS,sup|y,|<o, since yel,. This shows that
k k k

n+k

(A, -AD"ed,;1,).

Therefore (A, = A1) " e ;1) (l,;1,),andso, (A, —AI) " € (Z,51,) [see [6]Theorem (9),
pp. 174]. Thus o(A,,l,) = {/1 el :|/1 — a| < a} .

Conversely, let A el with [1—a|<a. If we compute (A, —AI) e, where e, is the unit
sequence (1, 0,0, 0, ...), then we can easily see that (A, —A/) "¢, ¢/,,and so (A, —AI)" ¢ B(l,).
Then Ae o(A,,l,). Therefore {l ell :|/1 —a| < a} co(A,,l,). But, o(A,,l,) is a compact set,
and so it is closed. Then {/1 ell :|/1 - a| < a} co(A,,l). This completes the Proof. O

From Theorem 1 and Theorem 2, we can easily prove that 2a < ||Aa || . <2a,.

The point spectrum of the operator A, is given by the following theorem

Theorem 3. ,(A,,l,)=C, p>1
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Proof. Consider the equation A x=Ax for x#6=(0,0,0,...) in /,. Then
(a,—A)x,=0 and (a, —)x, —a,_x,, =0, forall £=1,2,3,....

Hence, for all A4 eé{ak kel }, we have x, =0,for all k€l , which is a contradiction. So,
A¢o,(A,.l,). This shows that o ,(A,,l,) C {a,:kel}.

Now, if 2=a, and there exists jell , j>i such that @, =a,, then we can easily see

that x, =0 for all k£ < j. Then we have the following cases:
Case (i): Let (ay) is such that g, # a, for alli,jell and let, A=aq,. If x, =0, then x, =0 for

- . a
all kel and so we have a contradiction as x# 8. Also, if x, #0 then x,,, = L x, for
Qe —

all £=0,1,2, ..., and hence

a

k

ay —a;

Xr1
X

>1, forall k>1.

Then, x ¢!/, . Similarly, we can prove that a, ¢0,(A,,/), forall jell . Thus o,(A,,/,)=C
in this case.

Case (ii): If (ay) is such that there exists mell with a, #a, for all i, j > m , then we can prove,
as in Case (i), that a, ¢ 0 ,(A,,1,), for all jell . Thus o ,(A,,l,)=9.

Case (iii): If (ay) is not as in Case (i) or Case (ii), that is for all mell there exists
i<mand j=m such that ¢, =a,, then we must have x=6 which is a contradiction. Thus

o,(A,.l,)=2 in this case.
This completes the proof. O
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