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Abstract. In this work, the necessary conditions of optimality for initial data are given for 
delay differential equations with discontinuous and continuous initial conditions. The 
discontinuous initial condition means that, in general, the values of the initial function and 
trajectory do not coincide at initial instant of time. The continuous initial condition means 
that the values of the initial function and trajectory always coincide at initial instant of time. 
Under initial data we imply the collection of initial moment and delay parameter, initial 
vector and function. 
 

1. Equation with the discontinuous initial condition 

Let nR  be the n -dimensional vector space of points ,),...,( 1 Tnxxx =  whereT means  
transpose; let 110 tss << , 210 ττ << be given numbers with 211 τ>− st ; suppose that 

n
xRO ⊂ is an open set , OK ⊂  is a compact set, OX ⊂0  is a compact and convex set; 

 let the )1( n+ -dimensional function ,)),,(),,,((),,( 0 TyxtfyxtfyxtF =  where 
),...,,,((),,( 1 yxtfyxtf = Tn yxtf )),,( , be continuous on the set 2

10 ],[ Ots ×  and 
continuously differentiable with respect to x  and y ; next , let Δ  be a set of  piecewise-

continuous initial functions ],(,)( 1stKt −∞∈∈ϕ , and ),,,,( 100 xxtqi τ li ,0=  be 

continuously differentiable scalar  functions on the set  ],[ 10 ss OX ××× 021 ],[ ττ . 
To each element Δ×××=∈⋅= 0211000 ),(),())(,,,( XssWxtw ττϕτ  we assign the 

delay differential equation 
                                               ],[)),(),(,()( 10 ttttxtxtftx ∈−= τ&                                    (1) 

with the initial condition 
                                                 .)(,),()( 000 xtxttttx =<= ϕ                                           (2) 

The condition (2) is said to be the discontinuous initial condition since in general 000 )( xt ≠−ϕ . 
Definition 1. Let Ww∈ . A function 1,);()( ttOwtxtx ≤∈=  is called a  solution 
corresponding to the element w  if it satisfies the condition (2) and is absolutely continuous on 
the interval ],[ 10 tt  and satisfies  Eq. (1) almost everywhere on ].,[ 10 tt  
Definition 2. An element Ww∈  is said to be admissible if there exists the corresponding 
solution );()( wtxtx =  satisfying the condition 

                                               litxxtqi ,1,0))(,,,( 100 ==τ .                                            (3) 
We denote the set of admissible elements by .0W   
  Now we consider the functional 

,))(),(,())(,,,()(
1

0

0
100

0 dttxtxtftxxtqwJ
t

t
∫ −+= ττ  

where ).;()(,0 wtxtxWw =∈  
Definition 3. An element 00000000 ))(,,,( Wxtw ∈⋅= ϕτ   is said to be optimal  if 
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                                                          ).(inf)(
0

0 wJwJ
Ww∈

=                                                  (4) 

The problem (1)-(4) is called the initial data optimization  problem with the 
discontinuous initial condition. 
Theorem 1. Let ))(,,,( 0000000 ⋅= ϕτ xtw be an optimal element. Then there exist a vector  

,0),...,( 0 ≠= lπππ 00 ≤π and a solution )),(),(()( 0 ttt ψψ=Ψ where  ),...,(()( 1 tt ψψ =  
))),(tnψ  of the equation  

             
⎩
⎨
⎧

>=Ψ

+++Ψ−−Ψ−=

,,0)(

)),(),(,()())(),(,()()(

1

00000000

ttt

txtxtFttxtxtFtt yx ττττψ&
    (5)        

such that the following conditions hold:  
1)  the conditions for ))(),(()( 0 ttt ψψ=Ψ   

,)(],,[,)( 0
110000 1xQttttt πψπψ =∈=  

where  
));(,,,(,),...,( 1000000

00
11

txxtQQqqQ xx
Tl τ==  

2) the condition for the initial moment 00t  

 −+++Ψ+−Ψ= )),(,()[())(),(,()( 00000000000000000000000
0
0

xtxtFtttxtFtQt ττττϕπ  

                                         ))],(),(,( 0000000000 ttxtF ϕττ ++−  
where ),()(),;()( 0000000000 +−=−= τϕτϕ ttwtxtx  )( 000 tϕ );( 000 −= tϕ  
3) the condition for the delay parameter 0τ      

         =0
τπQ +++−+++Ψ ))](),(,()),(,()[( 0000000000000000000000 ttxtFxtxtFt ϕτττττ  

                                                   ∫
+

−−Ψ+
1

000

;)())(),(,()( 00000

t

t
y dttxtxtxtFt

τ

ττ &  

4) the condition for the initial vector 00x  

                                    ;))((max))(( 000
0

0000
0

0
00

0
xtQxtQ xXxx ψπψπ +=+

∈
 

5) the condition for the initial function )(0 tϕ  

dtttxtFtdtttxtFt
t

t

t

t

))(),(,()(max))(),(,()( 0000)(00000

00

000

00

000

ϕτττϕτττ
τ

ϕ
τ

+++Ψ=+++Ψ ∫∫
−

Δ∈⋅
−

. 

Some Comments. The condition 3)  is essential novelty in this work. Let 
def

t =)(0ϕ  
)( 10 −sϕ  for 1st ≥  then  for arbitrary ],[ 21 τττ ∈ the functions )( 00 ττϕ −+t  belongs to set 

.Δ It is clear that, for arbitrary ],[ 21 τττ ∈ we have  

.))(),(,()())(),(,()( 00000000000

00

000

00

000

dtttxtFtdtttxtFt
t

t

t

t

ττϕτττϕτττ
ττ

−++++Ψ≥+++Ψ ∫∫
−−

Thus  

                  .))(),(,()(max))(),(,()( 00],[000

000

00
21

000

00

dtttxtFtdtttxtFt
t

t

t

t

τϕτϕ
τ

τττ

τ

−Ψ=−Ψ ∫∫
+

∈

+

 

From the condition 5) follows  
  ),),(,()(max))(),(,()( 000000000 ϕτττϕτττ

ϕ
+++Ψ=+++Ψ

∈
txtFtttxtFt

K
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                          ].,[ 00000 ttt τ−∈  
If K  is convex set then from the condition 5) follows  

                                  =+++Ψ∫
−

dttttxtFt y

t

t

)())(),(,()( 000000

00

000

ϕϕτττ
τ

 

                                 dttttxtFt y

t

t

)())(),(,()(max 00000)(

00

000

ϕϕτττ
τ

ϕ
+++Ψ= ∫

−
Δ∈⋅

. 

In this form, for the first time, the necessary condition was proved by G. Kharatishvili [1] for 
initial function.  
The expression  
                ))](),(,()),(,()[( 0000000000000000000000 ttxtFxtxtFt ϕτττττ ++−+++Ψ  
is the effect of  discontinuous initial condition (2).  
  Let Ox ∈0ˆ  and Ox ∈1ˆ  be fixed points. For each initial data =Σ∈⋅= ))(,,( 0 ϕτσ t   

Δ××= ),(),( 2110 ττss  we assign the differential equation (1) with the initial condition 
                                                .ˆ)(,),()( 000 xtxttttx =<= ϕ  
    An element Σ∈σ  is said to be admissible if there exists corresponding solution 

);()( σtxtx =  satisfying the condition .ˆ)( 11 xtx =   
   An element 000000 ))(,,( Σ∈⋅= ϕτσ t   is said to be optimal  if 
                                                             ),(inf)( 101

0

σσ
σ

JJ
Σ∈

=                            

where  

                                                  ),;()(,))(),(,()(
1

0

0
1 στσ txtxdttxtxtfJ

t

t

=−= ∫  

and 0Σ  is set of admissible elements. 
 The theorem presented below directly follows from Theorem 1.  
Theorem 2. Let ))(,,( 00000 ⋅= ϕτσ t be an optimal element. Then there exists a nontrivial  
solution ,0)()),(),(()( 00 ≤==Ψ consttttt ψψψ of the equation (5) such that the condition  
5) holds. Moreover, the following conditions are fulfilled: 
6) the condition for the initial moment 00t  

      −+++Ψ+−Ψ )),(,()[())(),(,()( 00000000000000000000000 xtxtFtttxtFt ττττϕ  
                                           ;0))](),(,( 0000000000 =++− ttxtF ϕττ  
7) the condition for the delay parameter 0τ  
                 +++−+++Ψ ))](),(,()),(,()[( 0000000000000000000000 ttxtFxtxtFt ϕτττττ  

                                   ∫
+

=−−Ψ+
1

000

.0)())(),(,()( 00000

t

t
y dttxtxtxtFt

τ

ττ &  

 
2. Equation with the continuous initial condition 

  To each element Σ∈⋅= ))(,,( 0 ϕτσ t  we assign the differential equation (1) with the initial 
condition  

                                                0),()( ttttx ≤= ϕ ,                                                           (6)                              
where is assumed that )()( 00 −= tt ϕϕ .  



 

 

The Third International Conference “Problems of Cybernetics and Informatics” 
September 6-8, 2010, Baku, Azerbaijan. Section #5 “Control and Optimization” 

www.pci2010.science.az/5/12.pdf 
 

64

The condition (6) is said to be the continuous initial condition, since always )()( 000 ttx ϕ= .  
An element Σ∈σ  is said to be admissible if there exists the corresponding solution  

);()( σtxtx =  satisfying the condition 

                                                  litxttq i ,1,0))(),(,,( 100 ==ϕτ .                                     (7) 
We denote the set of admissible elements by 1Σ  . 
 An element 100000 ))(,,( Σ∈⋅= ϕτσ t   is said to be optimal  if 

                                                            ),(inf)( 202
0

σσ
σ

JJ
Σ∈

=                                             (8) 

where  

.))(),(,())(),(,,()(
1

0

0
1000

0
2 dttxtxtftxttqJ

t

t
∫ −+= τϕτσ  

The problem (1), (6)-(8) is called the initial data optimization problem with the continuous 
initial condition. 
Theorem 3. Let ))(,,( 00000 ⋅= ϕτσ t  be an optimal element and the function )(0 tϕ  be 
 continuously differentiable in a neighborhood of the point 00t . Then there exist a vector  

,0),...,( 0 ≠= lπππ 00 ≤π and a solution ))(),(()( 0 ttt ψψ=Ψ  of the equation (5) such that 
the conditions 1) and 5) hold. Moreover, the following conditions are fulfilled : 
8) the condition for the initial moment 00t  

))];(),(,())(,0)[(( 00000000000000
0
0

τϕϕπ −−Ψ= ttxtFttQ T
t &  

9) the condition for the delay parameter 0τ  

∫
+

−−Ψ=
1

000

;)())(),(,()( 00000
0

t

t
y dttxtxtxtFtQ

τ
τ ττπ &  

10) the condition for the point )( 000 tϕ  

                 =−+ )())](),(,()([ 00000000000000
0

0
tttxtftQx ϕτϕψπ  

                                   .))](),(,()([max 00000000000
0

0
ϕτϕψπ

ϕ
−+=

∈
ttxtftQxK

 

Theorem 1 and 2, on the basis of the variation formulas [2-4], are proved by a method given in 
[4]. 
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