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Among the great number of optimal control problems, the problems of singular controls 
in delay control systems draw attention of researchers [1]. Notice that the transformations 
method in variation spaces is most convenient for studying optimality of controls singular in the 
classic sense [2]. It is easily generalized to multi-dimensional singular controls [3]. 

The present paper is devoted to the investigation of controls singular in the classic sence 
and analogous results are obtained for a delay controls system [4]  

Consider the system 
][ ,,),),(),(),(()( 10 ttTtthtututxftx =∈−=&                 (1) 

[ )0000 ,),()(,)( thttttuxtx −∈== ϕ ,         (2) 

where ),...( 1 ′= nxxx  is n -vector of phase coordinates, ),...( 1 ′= ruuu  is r -vector of 
control actions, the prime is transposition sign, 0>= consth , 

Let  U  be an open set of r -dimensional Euclidean space rE . By  ),(~ rETC  denote 
a class of piecewise continuous and sufficiently piecewise – smooth vector functions 

rETtu →:)( . 
Each piecewise – continuous and piecewise – smooth function ),(tuu =   Tt∈  (i.e. 

),(~)( rETCtu ∈ ) accepting the values from U : 
TtUtu ∈∈ ,)(      (3) 

is said to be an admissible control. 
Problem. Minimize the functional  

))(()( 1txuJ Φ=      (4) 
on trajectories of problem (1), (2), generated by admissible controls (3). 

We’ll assume the vector functions TUUEtuxtuxf n xxx∈),,,(),,,,( υυ  and 

)(tϕ , [ ]00 , thtt −∈  sufficiently smooth and sufficiently piecewise smooth, respectively 
(exact assumptions for their analytic properties will directly follow from the representation form 
of final results), the function nExx ∈Φ ),(  is assumed to be continuous together with its partial 
derivatives up to second order inclusively. 

Under these conditions, it is easy to show by the successive approximations method that 
each admissible control generates a unique sufficiently piecewise –continuous, smooth solution 
of problem (1), (2), that will be assumed determined everywhere on Т. The pair ))(),(( txxu  
generates an admissible process. 

The admissible control Tttu ∈),( , being the solution of problem (1)-(4), is said to be 
an optimal control, the process ))(),(( txxu  an optimal process. 
2. We’ll carry out investigation on the base of the second variation of the minimized functional 
(4). Let ))(),(( txxu  be a fixed admissible process. By the scheme of  [5, pp.51-57] it is easy 
to establish that the conditions  
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are fulfilled along the optimal control Tttu ∈),(  for all ),(~)( rETCtu ∈δ . 

Here, )(1 ⋅Jδ is the first, )(2 ⋅Jδ  is the second variation of the functional (4); 

Tttu ∈),(δ   is a variation of the control  Tttu ∈),( , Tttx ∈),(δ  is a variation of the 
trajectory Tttx ∈),(  being a solution of the system 

[ );,,0)(,0)(
,),()()()()()()(

000 thtttutx
Tthtutftutftxtftx ux

−∈==
∈−++=

      δδ
δδδδ υ&

                   (7) 

),,,,(),,,,( tuxftuxH υψυψ ′= ),),(),(),(),(()( tttutxtHtH υψμ=  

),()( htut −=υ  ),),(),(),(()( thttutxftf −= υμμ Tt∈ , ,0)( =tH  при 1tt > ,  

               ),),(),(),(),(()( tttutxtHtH vv υψμμ = { };,,, υμ uxv∈  

where )(tψ   is a solution of the conjugated system 
,),()( TttHt x ∈−=ψ&  .,0)()),(()( 111 ttttxt x >=Φ−= ψψ        (8) 

(5), (6) yield the classical necessary optimality conditions (analogies of Euler equations 
and Legendre-Klebsh conditions) [1]. 

          ( ) ( ) ,,0 TthtHtHu ∈=++ υ                (9) 

           ( ) ( )[ ] .,,0 r
uu EwTtwhtHtHw ∈∀∈≤++′ υυ                          (10) 

Definition 1. [5]. The admissible control ( ) ,, Tttu ∈  satisfying (9) is said to be singular 
(in the classic sense) if 

( ) ( )[ ] .,0 TthtHtHrang u ∈=++ υυυ  
Our goal is to investigate such singular controls. 
Introduce the matrix functions determined by the recurrent formulae: 

          
( ) ( ) ( ) ( )

( ) ( ) { };,,][

,...,2,1,][][][

0

11

υμμ

μμμ

μ utftg

ktg
dt
dtgtftg kkxk

∈=

=−= −−                     (11) 

where  

       
( ) ( ) ( ) [ ]( ) ( ) [ ]( ) ( )
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∈−++=
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                (12) 
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∫ − kthtttuTtdutu

TttxtxTttutu

k

t

t
kk δττδδ

δδδδ
      (13) 

  [ ]( ) ( ) [ ]( ) ( ) [ ]( ) [ ]( ) ,...,2,1,111 =−′−= −−− ktG
dt
dtGtftgtHtG kkxkxxk μμμμ                  (14) 

  [ ]( ) ( ) { };,,,0 υμμ μ uTttHtG x ∈∈=  
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   [ ]( ) ( ) .,0 TttHtL ∈= μμμ  

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ,,,,,,,, 111

1
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where 
( ) ( ) ( ) 10,,, ttsttstf
t

ts
x <<≤=

∂
∂ λλ

,  ( ) ( ) tstsEss >== ,0,,, λλ (Е – 

is a unique nn× -matrix); 
[ ]( ) [ ]( ) ( ) [ ]( ) ( ) [ ]( ){ } ( )
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The following theorem is easily proved by means of the modified variant of 
transformation of variations [4,6] as a convenient method it uses a Legendre polynomial [7], 
and also takes into account (11)-(15) by the scheme from [8, pp.107-135]  

Theorem. Let the conditions   
[ ]( ) [ ]( ) { }.,...2,1,0,,...,1,0,,0 ∈=∈∀=++ kkmTthtLtuL mm υ  

be fulfilled for the control ( ) Tttu ∈,  singular in the sense of definition 1. 

Then for optimality of the control ( ) Tttu ∈,  the relations 

[ ]( ) [ ]( ) [ ]( ){ }
[ ]( ) [ ]( ) ;,...,1,0,0,,

;,...,1,0,0~,,,,2,,~

kmuQuQ
kmuhhRhuRuuRu

mm

mmm

==′−
=≤+++++′

θυθυ
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[ ]( ) [ ]( ){ } ,0~~
11 ≥++′ ++ uhLuLu kk θυθ  

should be fulfilled for all [ ) .~,, 10
rEutt ∈∈θ  
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