The Third International Conference “Problems of Cybernetics and Informatics”
September 6-8, 2010, Baku, Azerbaijan. Section #4 “Applied Stochastic Analysis”
www.pci2010.science.az/4/22.pdf

THE RESEARCH OF RQ-SYSTEM WITH INPUT MMP PROCESS'
Anatoly Nazarov', Inna Semenova®

Tomsk State University, Tomsk, Russia
'nazarov@fpmk.tsu.ru, *inna_ac@mail.ru

We consider single-line RQ-system (Retrial queue) with a recall source and incoming
markovian modulate Poisson process (MMP-process) set by matrix of infinitesimal
characteristics Q and intensity ,,..

Suppose, that the demand which has found the service free, occupies it for service during
the random time distributed to the exponential law with rate p. If the device is occupied, the
arrived demand passed in a recall source in which carries out the random delay which duration
has exponential distribution with rate c. After that demand become to service with retrial of its
capture. If the service is free, the demand from the recall source occupies it on a random in-
service time, if it is occupied the demand instantly comes back in the recall source for
realization of the following delay of random duration.

Let i(f) — demands number in the recall source, n(f) — state of Markov chain in MMP-
process, and k(¢) — state of service set, i.e.:

0, service is free,
ko=

1, service is buzy.

Denote
Plk(t)=k, n(¢)=n, i(t)=i} = Pk, n,i,t}
It is necessary to find the probability distribution of demands number i(f) in the recall
source.
For probability distribution P (k, n, i, t) of states {k, n, i} considered RQ-system
Kolmogorov's [1] differential equations is given by

SORLD_ (1, +io)p{0.0..)+ X POV gy +uPl11.1).
A%
w =, +)P(Ln,ist)+ X P(1,v,0,2)q,, + A, P(0,1,0,2)+ (1)
+0(i +1)P(0,n,i +1,¢)+ A, P(1,n,i —1,1).

Method of the asymptotic semi-invariants
Applying system (1) for stationary distribution P (k, n, i, {) =P (k, n, i), equate system
defining characteristic functions [2]
Hlk,n,,t)= 3 Plk,m i) =PY(e) = konle) = n { e Ok(e) = ke n(e) = n),

i=0

—oj%o’”) = H(0,u){0— A}+uH(1,u),
; 2)
aje " W = H(0,u)A+H(1, u){Q + (ej" - 1)A - ul},

the solution {H (0, u), H (I, u)} satisfies to normality condition

H(0,0)+H(1,0)=R,
where Q is matrix of infinitesimal characteristics of Markov chain k (#), A is the diagonal matrix
with elements A, on the main diagonal, / is identity matrix, and row vectors
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H(0,u)={H(0,,u),H(0.2,u),...,H(0,N,u)},
H(Lu)={H(Lu) H1,2,u),...,H(,N,u)}
For compact notation of the further calculations, we write down the system (2) in the
following

7 1) )= ) ®
H(0)E=1, 4
where E — identity row vector, and block matrixes A4 (ju) and B (ju) is given by
—Iy ey W Q-A A w
aGa)=| i =R U RG] . O
0y : 0y | ¥V W Q+(ef" —1)/\—u1 =Y

The Asymptotic of first order

For a finding the asymptotic of first order denote ¢ = €, and in the equation (3) realize
replacements [3]
u=¢ew, H(u):Fl(w,s).
Then the equation (3) becomes

.OF \w,e . .
j%A(jaw): F(w,e)B(jew), %)
and equality (4) we write down as follows
A0.e)E=1. (©)
In problem (5-6) we execute limiting transition at e— 0, get system
. OF,
70 s,
w
F0E=1,
Solution F; (w) of this system we write down in the form of product
F(w)=RD,(w)= R-exp{jwk, }, (7

where vector R is defined by the system
R(By+%,4,)=0,
{RE =1,
and @,(w) is the scalar function. Values of k; are defined as follows.
We combine all equations of system (5), postmultiplying this equation on identity column
vector E, and get equality
OF;(w,¢)
T ow
in which matrixes are expanded
A(jew)= Ay + jewA, + 0(82 ), B(jew)= B, + jewB, + 0(82 ),

(®)

A(jaw)E =F (w,a)B(jsw)E ,

we get

;0 (W’S)jswAlE = £ (we)jewB E+Ofe? ).

Limiting transition is realized here at e— 0 by substituting (7), we get the nonlinear scalar
equation relative to K,
R(B, +x,4)E=0,
where vector R = R(x,) is defined by system (8).
Function

hlgo::exp{julzy}
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we will be called the asymptotic of the first order of characteristic function H () =H (0, u) +H
(1, u) the demands number i (f) in a recall source, and value k; / ¢ - the asymptotic semi-
invariant of the first order.

The Asymptotic of second order

For a finding the asymptotic of second order in the equation (3) we realize the following
replacement

H(u):exp{ j%Kl}Hz(u).

Then for vector function H, (1) we get the equation
LOH,(u ) . .
51 20) )= 1 a3, A, ©)
where solution H, (u) satisfies to the condition
H,(0)E=1. (10)
Now, in the system (9-10) denote o = €2, and realize replacements
u=gw, Hz(u)ze(w,s).
There have
. OF,\w,¢ . . .
]8# A(jew)= F, (w,e{B(jew)+ 1, 4(jew)} ,
Fy(0,e)E=1.
Further, we realize similar operations, as in the first asymptotic, we get the asymptotic of
the second order of characteristic function A () the demands number i (¢) in the recall source

h, (u): exp{ju b +MK—2} )

5 2 o

where

{1 (B, +x,4 )E+ L R(B, +x, 4, )E}
2(B, +x,4,)E+RAE

and value «; /o is the asymptotic semi-invariant of the second order and vectors g and g, are

arbitrary particular solution of following equations systems

g(Bo+K1A0)+RA0 =0,
21(By +x,4y) + R(B, +1,4,)=0.

Ky, =

B

Asymptotic some higher order

For a finding the asymptotic some higher order we apply a method of a mathematical
induction [4].
Let vector-function H, (1) (n>3) satisfies the equation

o et ):HA“%B(ju)mlA(ju)#’iz ) KMA(M}’ (n

v=1 v!

in which all «, are known by v=1,2,...,n-1.
Let applying the equation (11) value of «, has found, then in (11) we execute replacement

)=o),
nl o
And get the equation for the vector-function H,,+; (u)

GjaHn—H(”)A(ju): H,, (u){B(ju)+ KIA(ju)-i- WZ_“I (ju)V KV+1A(ju)} R (12)

ou v=1 V!

solution H,.; (1) of this equation satisfies to a condition
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H,.,(0)E=1. (13)
Further, applying the problem (12-13), we will find value of «,+;. For this in the problem (12-
13) denote 6 = "', and execute replacements
u=gew, Hn+l(u): Fn+1(W’8)’
we get

X —@an 0%8) 4 iew)= (w,s){B(jSW) o)+ S @mA(ﬁw)} :
W \2

F,.0,e)E=1.
Then, realizing similar operations, as in the first, and in the second asymptotics, we get
the asymptotic of some higher order of characteristic function H (u) the demands numbers i (¢)
in the recall source

i (”) = eXP{%lM &} s

v=l V! (o)

where value «,+; is defined by equality

n—1 n—-v
k
Kypl = _{gn (Bl +K,4 )E +ﬁ 2Coalty [Bm+l—v + 2GSk Ay jE +

v=l

n—1

+ ,,IHR(B;M + ZC5+1K/¢+1A;1+1—/( JE}/{g(Bl +K4 )E + RAIE}’

and vectors g and g, are defined by inhomogeneous systems of the linear algebraic equations
g(Bo +1,49 )+ RAy =0,

n-1 n-v n=l
8n (BO + K1A0)+ ch\l/f\} (an + ZCII:kaJrlAnka + R(Bn + ZCfI:KkHAnkJ =0 .
v=l1 k=0 k=0

and any additional conditions defining particular solution of these systems from the set of all
their decisions, and vectors f', are defined by decomposition.

fv =8y tKyu8&, V=1,n—l.
Thus, the research of RQ-systems by the method of asymptotic semi-invariant is carried

out in this paper. Asymptotic probability distribution of the demands number in a recall source
of some order is got.
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