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Such an optimal control problem is investigated with the help of a new variant of the 

increment method. This method essentially uses the notion of adjoint equation of integral form 
and allows to cover the case when the coefficients of the equation are, generally speaking non-
smooth functions. 

Necessary and sufficient optimality conditions were studied in the monographs of e.g. 
L.S. Pontryagin, V.G. Boltyanskii, R.V. Gamkrelidze and E.F. Mishenko [1], R.Bellman [2] and 
others. We notice also the work of A.I.Egorov [3], K.T.Akhmedov and S.S. Akhiyev [4] and 
etc. in which different classes of optimal control problems were studied. 

Some classes of optimal processes related with non-local boundary value problems are 
studied in the papers [5,6], as well.  

Let a controlled object be described by the Manjeron equation  
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under the following separated multi-point initial boundary conditions  
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( )where  ( ) 1,0,,, =jik
jiϕ  are the given constants, the remaining k

ji,ϕ  are the given measurable 

functions; ( )2,1, =∂∂= kxD kk   is a generalized differentiation operator in S.L.Sobolev’s sense. 
Besides, the given above  are measurable functions on  ( )xa ji, ( ) 2,1,,0;21= GG ==× ihGG ii  
and satisfy only the following conditions:   

( ) ( ) ( ) ( ) ( ) ( ) ;1,0,;1,0,;1,0,, 2,12,1
,2,,,2, =∈=∈=∈ ∞∞ iGLxajGLxajiGLxa xx

pi
xx
pjpji  

Notice that here we assume, ( ) ( )Nkkk ,1,, =ξτ  are the fixed points from ;G   ( )( )xx υϕ ,  
( )( )xxis the given function on   satisfying Caratheodory conditions in  (i.e. rRG× ,rRG × υϕ ,  

is measurable with respect to x  on G  for all given  and continuous with respect to  rR∈υ υ  on 
rR almost for all given    and for positive number )Gx∈ 0>δ  there exists such a function 
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)  is r -dimensional controlling vector-function.   

 Let the vector-function ( )xυ  be measurable and bounded on  and almost at all points 
 it accepts its values from some given set  Then this vector-function is said to be 

admissible control. A set of admissible control denoted by 

G
Gx∈ .rR⊂Ω

. ∂Ω
 Now, let’s consider the following non-local optimal control problem: find the 

admissible controls is     from ( )xυ ∂Ω ,  for which the solution of non-local problem (1)-(2) in 
the S.L.Sobolev’s space 
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( ) Gkk ∈00 ,λμ Rk Rk R∈∈ ∈βα ,  and  where   are the given points;  kγ  are the given 
numbers;    is a natural number.  N

In order to obtain necessary and suffucients conditions of optimality at first we find the 
increment of the functional (3). Let ( )xυ  and ( ) ( )xx υυ Δ+  be different admissible controls, 

 and  be corresponding solutions of problem (1)-(2) in the space ( )xu ( ) ( )xuxu Δ+ ( ) ( ).2,2 GWp  
Then, the increment of functional (3) will be of the form 
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where ( ) ( ) ( ) ( ) ( )( )xfxfxfxfxffffff 2,222,122,011,210,21,11,00,10,0 ,,,,,,,,=
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bounded functional in   and    is an arbitrary function from    and  
. 
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 Now, in equality (7) instead of ( )xu  we put the solution of problem (5)-(6), i.e. instead 

of function u  we put the function . Then, it is valid the equality   uΔ
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The function  as an element of the space ( )xuΔ ( ) ( )GWp
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Using integral representation of functions from ( ) ( )GW : p
2,2

( ) ( ) ( ) ( ) ( ) ( ) ( )∫∑∑ ∑ +−−+−−=
== =

1

112
2
111

1

0
2212

1

0

1

0
1 ,,

x

k
j

j

j
kkk

jij
k

i

i j
k

k

duDDxxuDDxxxu
τ

νξννξξτξτ

( ) ( ) ( ) ( )( ) ( ) 2121
2
2

2
1221122

2
2122

1

0
1 ,,

1 22

νννννννντντ
τ ξξ

dduDDxxduDDxx
x x

k

x
ii

k
k kk

∫ ∫∫∑ −−+−−
=i

+  

we get  ( )( ) ( )( ) ( ) ( )( ) ( ) ( ) ,,,, 2
2

2
1

0000 ∫∫ Δ=Δ+Δ+Δ
G

kkkkkkkkkk dGxuDDxBuuu λμγξμβλτα

( )

 where 

( ) ( )( ) ( ) ( )( ) ( )( )( ) ( )( ) ( ) +−= 2xxB kk α

( )

−−−+−−−− 1
0

21
0

2
0

12
0

1 xxxxxxx kkkkkkkkk ξθμθξμβλθτθλτ

( ) ( )( ) ( )( ) ( )( );2
0

1
0

2
0

1 xxxx kkk −−− λθμθλ ( )
⎩
⎨
⎧

≤
>

=
0,0
0,1

τ
τ

τθ0
kk −+ μγ   is a Heaviside function;  

Therefore, we can represent increment (4), of functional (3) in the form   
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 Since  depends only on an element  i.e. on the equality (11) is valid for all 
 For simplifying expression (11) we introduce the equation 

( )( ) ( ) ,,02,22,2 GxxBxf ∈=+ω                                             (12)                               
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that  will be said to be adjoint equation for optimal control problem (1)-(3) and as the function 
  we take the solution of equation (12) in ( )xf 2,2 ( ).GLq  Then formula (11) will take the simple 

form:     ( ) ( ) ( )∫∫ Δ−=Δ
G

dGxxfS .2,2 ϕυ
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The control ( ),xευ  determined by the equality ( ) ( ) ( )xxx εε υυυ Δ+=  is an admissible 
control for all sufficiently small 0>ε  and all ,,ˆ G∈Ω∈ ∂ ρυ  called needle-shaped 
perturbation of the given control ( .x)υ  
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As the optimal control problem (1)-(3) is linear, the following theorem follows from (13). 
 Theorem. Let  ( ) ( )GLxf q∈2,2

  

 be a solution of adjoint equation (12). Then for the 

optimality of the admissible control ( )xυ  it is necessary and sufficient that almost f l 
,Gx∈  the maximum condition be ful

or al
filled   
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where, ( ) ( )υϕυ ,,, 2,22,2 xffxH =  is a Hamilton-Pontryagin function. 
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