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1. We consider the financial -market consisting only of two assets: a bank account 
(bonds)  and stocks (shares) 

( SB, )
( )nBB = ( )nSS Nn ,,1,0 K= , = . According to the well-known 

Cox-Ross-Rubinstein discrete model, the time-dependent behavior (evolution) of the variables 
 and  is defined by the recurrent equalities nB nS

( )1 ,00 >,1+=Bn −n BBr      (1) 
( ) .0,1 01 >+= − SSS nnn ρ      (2) 

It is assumed that the family {  of probability measures P is defined on the measurable 
space ( ) , 

}P

nFF ,,Ω Nn ,,1,0 K=  by filtration [1]. 
In equalities (1), (2),  is an interest rate, and 0>r nρ  for any probability measure  

is a sequence of independent, identically distributed random variables taking only two values a 
and b; also, 

P∈P

( )bP n == pρ , ( ) panP −== 1ρ , bra <<<−1  [1]-[3]. 
Let us now assume that there is some investor who has the initial capital  and 

wants to get the capital  in the future by using the capability of the 
00 >= xX

Nf ( )SB, -market. In that 
case, we deal with the so-called investment problem. 

2. Let the price of one bond  and the price of one stock is  at the initial moment of 
time. Suppose that at the moment of time 

0B 0S
0=n  the investor purchased 0β  quantity of bonds 

and 0γ  quantity of stocks. Therefore the investor’s initial capital can be written in the form 

000000 SX γ== Bβ +X π ,     (3) 
where ( 000 , )γβππ ==

0=
 is said to form the investor’s portfolio or strategy at the moment of 

time . n
Let us now assume that there is a sequence of -measurable functions , 

, 
1−nF ( )ngg =

Nn ,,1,0 K= 00 =g . Suppose that before the arrival of the moment of time , the 
investor transformed his portfolio 

1=n
( )000 ,γβπ =  to the new portfolio ( )111 ,γβπ =  in a manner 

such that the equality 

101010 gSBX ++= γβπ

π

             (4) 

is satisfied. Thus if , then the initial capital  diminishes by the value ; if , 

then  increases by the value . 

01 ≥g 0X 1g 01 ≤g
π
0X 1g

After the arrival of the moment of time 1=n , the investor will have the capital 

11111 SBX γβπ += ,     (5) 
where  and  are the new prices of one bond and one stock, respectively, at the moment of 
time . 

1B
1=n

1S

Analogously, for any moments of time 1−n  and n we have 

11111 −−−−− += nnnnn SBX γβπ ,     (6) 
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nnnnnn gSBX ++= −−− 111 γβπ ,     (7) 

nnnnn SBX γβπ += .      8) 
The strategy ( ) ( nnn )γβππ ,==  is called a ( )Nfx ,, -hedge if 

,

,00

NN fX

xXX

≥

==
π

π

 

where ( )NNN SSSfff ,,, 10 K==  is some payoff function. 

If we have the equality , then NN fX =π π  is called a minimal hedge. 
For  and  we denote by 00 >= xX Nff = ( )Nfx ,,Π  the set of all ( -hedges. )Nfx ,,
Now let us define a standard European call option. This is a derivative (secondary) 

security with the payoff function 
( ) ( )0,max KSKSff NNN −=−== + .      (9) 

The owner of this option enjoys the right to buy a stock at a price K at a certain moment 
of time N. If , then the owner of the option will buy a stock at a price K, sell it at once 
at a price  and have a gain  

KS N >

NS
KSf NN −= . 

His gain will actually be equal to 
NNN CKSf −−= , 

where  is the so-called fair (rational) price of a standard European call option. If , 
then the owner of the option will not carry out the operation with his option and his loss will be 
equal to . 

NC

NC

KS N ≥

The problem of the investor (option seller) consists in the following: using the fair price 
of the option 

( ){ }∅≠Π>= NfxxCN ,,:0inf  

it is required to construct a minimal hedge ( )*** , nnn γβπ = . In other words, the investor’s capital 
must be equal to  at a moment of time N. Nf

The basic problems of the pricing of a European option can be formulated as follows: 
1) defining a fair price ; NC
2) constructing a minimal hedge ( )*** , nnn γβπ = ; 

3) constructing the investor’s capital process  for the strategy . 
*π

nX *
nπ

3. Let us consider the financial ( )SB, -market (1), (2) and nonself-financed strategies nπ . 
Assume that the sequence of -measurable functions 1−nF ( )ngg =  defined by the equality 

1211 −− += nnnnn cBg Sc β γ      (10) 
is given, where the constants  and  are such that 1c 2c 10 1 << c , 10 2 << c . 

Theorem 3. Assume that the financial market (1), (2) is considered and the sequence of 
-measurable functions  is given by means of (10). Then 1−nF ( ngg = )

1) the fair price NC  of a European type option with the execution at the moment of time 
N and the payoff function ( )NNN SSSff ,,, 10 K=  is defined by the formula 
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where *E  is the averaging with respect to a measure P∈*P  such that 
( ) ( )

( ) ( )
( )( ) ;

1
11

,10,1,

1

21*
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ppaPpbP nn

−−
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2) there exists a minimal ( )Nfx ,, -hedge ( ) ( )**** , nnn γβππ == , N , whose 

1−nF -measurable components are defined by the formulas 
n ,,1,0 K=

( )
( )

( ) ,1

,
1

1

11

*
*

11

21
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where , , , are the definite -measurable 
functions; 

( )11
** ,, −= kkk ρραα K 2≥k const*

1 =α 1−nF

3) the capital ( )*

, N
* ππ

nXX = n ,,1,0 K= , corresponding to the hedge ( )**
nπ  is 

given by the formula 
π =
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