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We consider statements of experts as logical formulas in an n-valued logic. Basing on model
theory, we offer definitions of a metric on these statements along with a measure of their
refutability and study their properties.

Introduction. Nowadays, there exists a great interest to building deciding functions basing on
the analysis of expert information given in the form of logical probability statements of several
experts using adaptation processes and coordination of statements [1-7]. We propose to consider
expert propositions as formulas of the Lukasiewicz multi-valued logic. The suggested approach
extends the case n = 3. The truth values of the formulas may be regarded as their possible
probabilities. For organizing the search of logical patterns, both the distances between experts’
propositions and the ones between the formulas in models (inside the database) at an arbitrary
moment of time and the refutability measure are needed. A refutability measure enables us to
range the expert statements basing on the level of their non-triviality or their importance. We
should take into account that the state of a database and expert statements use to change in time.
In the view of this, sometimes we will need to correct our database and experts' opinions to
avoid explicit contradictions. The tools for such corrections (or refinement) of such a knowledge
were developed by Vikentyev A A., Lbov G.S., Koreneva L.N., Vikentiev R.A., and Novikov
D.V. One can find a survey of such corrections for the class of logical decision functions in the
papers [4-6] by G. S. Lbov and Gerasimov M. Here we do not consider these problems. The
distances we introduce are based upon certain class of models; there exists a big variety of such
classes. Experts could change this class of models and the theory itself; it is also possible to
change them in case of obtaining wrong results. The cases n = 2 and n = 3 were studied earlier.
Here we consider the case of an arbitrary n. Of course, not all of the results obtained earlier
could be extended to the general case.

It is clear that different expert propositions and the related formulas could carry different
amounts of information, and therefore a problem appears, how to range the statements
according to this information and how to compare their self-descriptiveness. To solve these
problems, we introduce the distance between any two arbitrary n-valued formulas. We also
define the measure of refutability on these statements and study its properties.

The results of this paper could be generalized to an n-valued predicate logic with
appropriate analogs for subsets of predicates corresponding to fixed truth values. This paper was
supported by a RFFI 07-01-00331-a.

1. Definition of the distance between statements of experts
We assume the reader to be familiar with [1, 2].

n
Definition 1.1. The set S'(9) of all elementary expressions contained in a formula P of many-
valued logic is called the support of ®

$"(2) $"(2)= v S"(¢)
Definition 1.2. For a set of formulas > , its support is defined as peZ .
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Definition 1.3. The set of all possible truth values of 2 is the set
Q"X ={o loeS(Z)k=1.,n-1}

n-1 )
(s ¢\ ¢
Definition 1.4. A model M is a subset of Q"(%) which cannot contain both ! and n-!

simultaneously, VX #1 Vo €Q(Z)

Now we formulate some propertiés of these concepts.
Let us define:
0ds5) (A) « ={M M eP(S(%)),M |= A, } and
n-1 n-1
0d 5, (A) ={M [M e P(S(X)),M | A, ,Vk=1,..,n-1}

n-1

From the definition we derive:
M|=(A&B), ©«(M]=A

1) -t L MI=Bq) min(p,q) =k
and -1
2)MI=(AvB) < M]=A, and M[|=B )max(pq) k
_1 n-1 n
M=(=A)  ©MI=A
3) n-1 n-1

In all the rest cases, the truth values will be equal to 0. Thus, for any truth value and any
formula, there exists a class of all models on which this formula has the mentioned truth value.

Definition 1.5. Any two formulas are called equivalent if for all truth values they have the same

UMOdS(z) (9) k= UMOdS(z) (v) K
classes of models, ie., n1 o kel n-1

Here are some model-theoretic properties of these concepts.

Lemma 1.1.
1) MOdS(z) (A& B)L):

n-1

U((MOdS(Z)(A) mMOdS(E)(B)L)U(MOdS(Z)(A)L mMOdS(z)(B)L)

3

p=k —1 n-1 n-1 n-1 ;

2) Mod S(z)((AV B)L):
n-1

k

U((MOdS(Z)(A)L U Modg ;) (B) ) (Modgy, (A)  wModg, (B)

p=0 n-1 n-1 n-1 n-1 -
3) MOdS(Z) (_'A)L = l\/lods(z)(A)ﬂ

n-1 n-1 -

4) U'V'Odsm(A) « = P(S(Z))/Mody s, (=A),

n-1
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n n
Proposition 1.2. (on the number all of models PT(S(2)) in S (2)) The number of models

equals IPEE) = nlsml.

Proof. By induction.

Definition 1.6 The distance between formulas ®  and ¥ such that S(#) Y SW) € S(Z) 4,

the set P(S() is defined as (similar to case n=2)

n-1 n-1
[UModggs) (@ &wo) |+ JModgs (po &y )
n-1 k=1 n-1

_ k=
pS(E) ((07 V/) - n‘s(zn

Theorem 1. For any formulas P the following is true
1) 0< Ps () (pw) <1,

2) Pse) (@) _Psy (W)

3) PS(z)((/’vW) 0 P=VY.

n-1n-1

< JUMod(p) . @Mod(w) | )=P(S(Z)
4) Psmow) o Ea = n-1 , where @ is a direct

union;

5) Ps) (PW) < Doy (0. 2) | Psesy (W),

6)1f 9 =0 then P @ W) _Psy (0°9)

Theorem 2.(Extension and preservation) For any ¢, i from S(X,) and any S(Z,)
such that S(£,) < S(Z,) holds o5 s ) (@, %) = ps (s, (@, W)

2. Refutability

Definition 2.1 The measure of refutability of the formula ¢ from &) ={p|S(p) =S} is the
function

- | MOdS(z) ((DLH
IS(Z) ((ﬂ) = ;ai n|s(z)| =

0<q,; <

a . n-1
where time-varying parameters ' satisfy the conditions: (@i * Ony = 1vi= OT

o, 2a; VK<,
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Theorem 3. (Properties of refutability).

W ed(2)

For any ¢ it is true that

1) 0< Iy (@) <5,

2) I (@) + 15y (—9) =1

3) lsr (@ &y) 2 max{lss, (9), lsx) (W)}

4) sy (@ vy) <min{lgq) (), Isey (W)}

5) lsey(@v ) + 15y (@ &Yy) =l (9) + 155y (W) ;

1°s) (@) + s (W) + pPsio) (m 0, - )
6) I° &y)= : ;
) Psey (@0 &) 2

s (@) + s (W) — p°s) (0, )

7 Psey(pvy)= >

In addition, we have proved some special properties of refutability for distances and measures in
cases n = 3 and n = 2. It is worth to mention that the selection of appropriate n is actually a part
of the adaptation process for calculations of the distance and refutability measures.
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